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Introduction. Lie $0_{2m}$ $U(0_{2m})$
, Pfaffian $([\mathrm{H}\mathrm{U}], [\mathrm{M}\mathrm{N}])$ .
Pfaffian ,
.
$0$ $\mathrm{K}$ . Lie $\mathit{0}_{n}$ $n$
Lie . $A_{ij}\in 0_{n}$ $E_{ij}\in \mathfrak{g}\mathrm{t}_{n}$ $A_{ij}=E_{ij}-E_{ji}$
, $A=(A_{ij})_{i}^{n},j=0\in \mathrm{M}\mathrm{a}\mathrm{t}(n, U(\mathit{0}_{n}))$ .
$u$ , $\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)$ $U(\mathit{0}_{n})$
$([\mathrm{H}\mathrm{U}])$ . ( $U(\mathfrak{g}\mathfrak{l}_{n})$ Capelli element
.) $n=2m$ , Pfaffian $\mathrm{P}\mathrm{f}(A)$ $U(\mathit{0}_{n})$
. Pfaffian (1), (3) .
.
Theorem. $U(0_{2m})$ :
$\mathrm{P}\mathrm{f}(A)^{2}=\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(m, m-1, \ldots, -m+1))$
$=\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(m-1, m-2, \ldots, -m))$ .





( ) [IU] ,
1. Exterior calculus for Pfaffians and determinants. Pfaffian
.
, Pfaffian .
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$A$ , $n\cross n$ $\Phi=$ (\Phi \Phi \Phi $=1$
. $e_{1},$ $\ldots,$ $e_{n},$ $e_{1}’,$ $\ldots,$ $e_{n}’$ , $\Lambda_{2n}$
. $\Lambda_{2n}$ $\{e_{i}\}$ $\{e_{i}’\}$ $\Lambda_{n}$ $\Lambda_{n}’$
. , $\Lambda_{2n}$ $A$ $\Lambda_{2n}\otimes A$
. $\Lambda_{2n}$ $A$ .
1.1. $2m$ $\Phi=(\Phi_{ij})_{i,j=1}2m$ , Pfaffian $\mathrm{P}\mathrm{f}(\Phi)$ :
(1) $\mathrm{P}\mathrm{f}(\Phi)=\frac{1}{2^{m}m!}\sum_{\sigma\in \mathfrak{S}_{2m}}\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\sigma)\Phi_{\sigma}1)(\sigma(2)\Phi_{\sigma(3})\sigma(4)\ldots\Phi\sigma(2m-1)\sigma(2m)$.
$\Lambda_{n}\otimes A$ $\Theta_{\Phi}=\sum_{i,j=1}^{n}e_{i}ej\Phi_{ij}$ , :
(2) $\Theta_{\Phi}^{m}=2^{m}m!e_{1}\cdots e_{n}\mathrm{p}\mathrm{f}(\Phi)$ .
1.2. $n$ $\Phi=(\Phi_{ij})_{i}^{n},j=1$ , $\det(\Phi)$ “column-determinant”
:
(3) $\det(\Phi)=$ column-det





. . . $\Phi_{n\sigma(n)}$ .
$\mathrm{r}\mathrm{o}\mathrm{w}-\det(\Phi)=$ $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{m}\mathrm{n}-\det(\Phi)$ . column-
determinant $\eta_{j}=\sum_{i=}^{n}1ei\Phi_{ij}$
(5) $\eta_{1}\eta_{2}\cdots\eta_{n}=e1\ldots$ en $\det(\Phi)$
.
column-determinant, row-determinant , Pfaffian
“ ” :
(6)
$\mathrm{D}\mathrm{e}\mathrm{t}(\Phi)=\frac{1}{n!}(\sigma,\sigma’)\in \mathfrak{S}_{n}\cross\sum_{\mathfrak{S}_{n}}\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(\sigma)\mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(\sigma)’\Phi_{\sigma(}1)\sigma(\prime 1)\Phi 2)\sigma’(2)\ldots\Phi\sigma(\sigma(n)\sigma’(n)$ .
$u_{1},$ $u_{2},$ $\ldots,$ $u_{n}$ :
(7) $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, u_{2}, \ldots, u_{n})$
$=\underline{1}$




$\Phi_{ij}(u)=^{t}.\Phi_{ij}+\delta_{ij}u$ . $—_{\Phi}= \sum_{i}^{n},j=1je_{i}e’\Phi_{ij},$ $\tau=\sum_{i1}^{n}=e_{i}e_{i}’$
:
. ‘... $\cdot$ $—\Phi n=n!e_{1}e^{;}1\ldots e_{nn}e;\mathrm{D}\mathrm{e}\mathrm{t}(\Phi)$ , ..
(8)
$(_{-\Phi}^{-}-+u_{1}\tau)(^{-}--_{\Phi}+u_{2}\tau)\cdots(_{-\Phi}^{-}-+u_{n}\tau)=n!e_{1}e’1\ldots$ ene $\mathrm{D}$’ $\mathrm{e}$n \mathrm{t}(\Phi;u1, u_{2}, \ldots, u_{n})$ .
$(_{-\Phi}^{-}-+u_{i}\tau)$ $(_{-\Phi}^{-}-+u_{j}\tau)$ $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, u_{2}, \ldots, u_{n})$
. $— \Phi=\sum_{j=1}^{n}\eta je’j$ , $\eta_{j}$ $\det(\Phi)$ $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi)$
. $A$ $\det(\Phi)=\mathrm{D}\mathrm{e}\mathrm{t}(\Phi)$ . . . .$\cdot$.
1.3. , Pfaffian
. .
$\{e_{i}, e_{i}’|1\leq i\leq n\}$ $\mathrm{K}^{2n}$ $\alpha\in GL_{2n}=$
$GL_{2n}(\mathrm{K})$ . $\alpha$ $\Lambda_{2n}$ , $\Lambda_{2n}\otimes A$
$\alpha_{*}$ . $\{e_{i}|1\leq i\leq n\}$ $\mathrm{K}^{n}$ $g\in GL_{\eta}=GL_{\dot{n}}(\mathrm{K})$
. $g$ $\Lambda_{n}$ $\Lambda_{n}.\otimes A$ $g_{*}$ .
$\Lambda_{2n},$ $\Lambda_{n}$ $\Lambda_{2n}=\oplus_{k=0}2n\Lambda_{2}..(kn),$ $\Lambda_{n}=,\oplus kn.\Lambda(k)=0n$
. lemma :
Lemma 1.1. $\Lambda_{2n}\otimes A,$ $\Lambda_{n}\otimes A$ :
(1) $\varphi\in\Lambda_{2n}^{(2n)}\otimes A,$ $\alpha\in GL_{2n}$ , $\alpha_{*}(\varphi)=\det(\alpha)\varphi$ .
(2) $\varphi\in\Lambda_{n}^{(n)}\otimes A,$ $g\in GL_{n}$ , $g_{*}(\varphi)=\det(g)\varphi$ .
$GL_{2n}$ 2 . , – $g,$ $g’\in GL_{n}$
$\alpha_{g,g’}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(g, g’)=\in GL_{2n}$
$arrow\int$
. $\alpha_{g,g’}$ $\Lambda_{n},$ $\Lambda_{n}’$ .




. $\tau$ $(h\otimes 1_{n})_{*}\tau=\det(h)\mathcal{T}$ . $h\otimes 1_{n}$
, $\iota(e_{i})=e^{J}i’\iota(e_{i}’)=ei$ invoiution $\iota$ .
$\iota$ $\varphi\in\Lambda_{2n}\otimes A$ $\iota_{*}(\varphi)=\varphi’$ . $\iota$ $\tau$ $\iota_{*}\tau=\tau’=-\mathcal{T}$
.
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Remark. $\Lambda_{2n}\otimes A$ $\tau=\sum_{i=1}^{n\prime}e_{i}e_{i}$ $\mathrm{K}^{2n}$ 2 $B$
:
$B(e_{i}, e_{j}’).=\delta ij$ , $B(e_{i}, e_{j})=0$ , $B(e_{i}’’, e_{j})=0$ .
$\alpha\in GL_{2n}$ symplectic $Sp_{2n}=S_{P}(\mathrm{K}^{2}n, B)$ $\alpha_{*}(\tau)=\tau$
.
1.4. \S 1.3 \S 1.1, 1.2 Pfaffian, ,
. $A$ $n\cross n$ $\Phi=$
(\Phi $=1$ , :
(9)
$\Phi-*g\Phi g=J(_{1\leq p,q}\sum_{\leq n}gip\Phi_{p}qg_{q}j)\prime in,j=1^{\cdot}$
$g=(g_{ij}),$ $g’=(\mathit{9}_{ij}’)$ $GL_{n}$ .
$— \Phi=\sum_{i,j=1}^{n}eie_{jij}’\Phi\in\Lambda_{2n}\otimes A$ :
$—g\Phi g’=(\alpha_{g^{\iota_{\mathit{9}’}}},)*(_{-}^{-_{\Phi}}-)$ .
$g’={}^{t}g$ , Pfaffian $\Theta_{\Phi}..\cdot=\sum_{i}^{n},j=1\Phi_{ij}e_{i}e_{j}\in\Lambda_{n}\otimes A$
:
$\Theta_{g\Phi^{\iota_{g}=}}g_{*}(\Theta_{\Phi})$ .
$–\Phi-$ $\ominus_{\Phi}$ : $p(x)\in \mathrm{K}[x]$
$p(_{-g\Phi g}^{-}-’)=(\alpha_{g^{l}g},’)_{*}(p(--_{\Phi}-))$ , $p(\Theta_{g\Phi^{\mathrm{t}}g})--g_{*}(p(\ominus_{\Phi}))$ .
$p(x)=x^{n},$ $p(x)=x^{m}$ , Lemma 1.1 (2), (8)
Pfaffian :
Proposition 1.2. :
$\mathrm{D}\mathrm{e}\mathrm{t}(g\Phi g)’=\det(g)$ det(g’) $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi),$ . $\mathrm{P}\mathrm{f}(g\Phi^{t}g)=\det(g)^{\mathrm{p}}\mathrm{f}(\Phi)$ .
$\Phi$ .
$g’=g^{-1}$ , $\alpha_{g,{}^{t}g^{-1}}=\alpha_{g}$ $\tau$ , $\mathrm{K}[\tau]-$
$p(x)\in \mathrm{K}[\tau][x]$ :
$p(_{-g\Phi}^{-}-g-1)=\alpha_{g*}(p(--_{\Phi}-))$ .





$\mathrm{D}\mathrm{e}\mathrm{t}(g\Phi g^{-};u1, u21, \ldots, u_{n})=\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, u_{2}, \ldots, u_{n})$ .
involution $\iota_{*}=$ ’ $—\Phi$ $—’\Phi=$ —-
:
(10) $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, u_{2}, \ldots, u_{n})=\mathrm{D}\mathrm{e}\mathrm{t}(^{t}\Phi;u_{1}, u_{2}, \ldots, u_{n})$ .
, (9) $A$ $\gamma$
. Pfaffian :
Proposition 1.4. $A$ $n\cross n$ $\Phi=(\Phi_{ij})_{i,j=}^{n}1$ , $A$ $\gamma$
$\gamma(\Phi)=g\Phi g^{-1}$ . $g\in GL_{n}$ .
:
(1) $\mathrm{D}\mathrm{e}\mathrm{t}(\Phi;u_{1}, u_{2}, \ldots, u_{n})$ $\gamma$ .
(2) $\Phi$ $n=2m$ , $g$ (i.e. $g^{-1}={}^{t}g$) .
$\mathrm{P}\mathrm{f}(\Phi)$
$\gamma$ $\gamma(\mathrm{P}\mathrm{f}(\Phi))=\det(g)^{\mathrm{p}}\mathrm{f}(\Phi)$ .
1.5. , $\Phi$ $\mathrm{P}\mathrm{f}(\Phi)^{2}=\det(\Phi)$
, . \S 4
.
$A$ $n=2m$ $\Phi=(\Phi_{ij})_{i}^{n},j=1$ , $\Lambda_{2n}\otimes A$
$\Theta=\sum_{j1\leq i,\leq n}e_{i}ej\Phi_{ij}$
,
$\Theta’=\sum_{1\leq i,j\leq n}e_{ij}\prime\prime e\Phi_{i}j$
,
$—= \sum_{1\leq i,j\leq n}eie’j\Phi ij$
. $GL_{2}$
$h=$
, $h\otimes 1_{n}$ $—$ .
$(h \otimes 1_{n})_{*}(_{-}^{-}-)=1\leq i,\sum_{\leq jn}.(e_{i}+e^{;}i)(-e_{j}+e’j)\Phi_{i}j=-\Theta+\Theta’$
.
$(h\otimes 1_{n})_{*}(_{-}^{-n}-)$ :
(11) $(h\otimes 1_{n})*(---n)=(-\Theta+\Theta’)n=(-1)^{m}\Theta^{m}\Theta^{\prime m}$ .
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$k>m=n/2$ $\Theta^{k}=0=\Theta^{\prime k}$ . Lemma 1.1
:
(12) $(h\otimes 1_{n})_{*}(_{-}^{-n}-)=\det(h\otimes 1_{n})_{-^{n}}^{-}-=\det(h)^{n}---n=2^{n-n}--$.
.
\S 1.1, 1.2 Pfaffian
$rightarrow n$ $=e_{1}\cdots e_{n}e_{1}’\cdots e_{n}’(-1)^{\frac{n(n-1)}{2}}n!\mathrm{D}\mathrm{e}\mathrm{t}(\Phi)$ ,$–$
$\ominus^{m}=e_{1}\cdots e_{n}2^{m}m!\mathrm{P}\mathrm{f}(\Phi)$ , $\Theta^{;m}=e_{1}’\cdots e’n2^{m}m!\mathrm{p}\mathrm{f}(\Phi)$
, (11), (12) $\mathrm{P}\mathrm{f}(\Phi)^{2}=\mathrm{D}\mathrm{e}\mathrm{t}(\Phi)$ .
2. Application to $U(\mathfrak{g}\mathrm{t}_{n})$ . Lie 04 ,
$\mathfrak{g}\mathfrak{l}_{n}$ . , Capelli element
$U(\mathfrak{g}\mathfrak{l}_{n})$ . ,
.
Lie $\mathfrak{g}\mathfrak{l}_{n}$ , $E_{ij}$ .
$E=(E_{ij})_{i,j=}^{n}1\in \mathrm{M}\mathrm{a}\mathrm{t}(n, U(9\mathrm{t}_{n}))$ . , column-
determinant, row-determinant, .
$\Lambda_{n}\otimes U(\mathfrak{g}\downarrow_{n})$ :
$\eta_{j}=\sum_{i=1}^{n}eiEij$ , $\eta_{j}(u)=\eta_{j}+ue_{j}=\sum_{i=1}^{n}eiEij(u)$ ;
${}^{t}\eta_{j}= \sum_{i=1}^{n}eiE_{j}i$ , ${}^{t}\eta_{j}(u)={}^{t}\eta_{j}+ue_{j}..= \sum_{i=1}^{n}e_{iji}..E,(..u)$ .
, .
Lemma 2.1. $1\leq i,$ $j\leq n$ , :
$\eta_{i}(u+1)\eta_{j}(u)+\eta_{j}(u+1)\eta_{i}(u)=0$,
${}^{t}\eta_{i}(u)t\eta j(u+1)+{}^{t}\eta j(u)t(\eta_{i}u+1)=0$.
$\eta_{i}(u+1)\eta_{i}(u)=0$ , ${}^{t}\eta_{i}(u)t(\eta iu+1)=0$ .
$\Lambda_{2n}\otimes U(\mathfrak{g}\mathfrak{l}_{n})$ :









${}^{t}\eta_{i}’= \sum_{1j=}eE_{ij};j$ ’ ${}^{t}\eta_{i}( \prime u)=j=\sum e’E1jij(u)$
. Lemma 2.1 $—(n)(n-1+u)=_{-}--(n-1+u)_{-}^{-(n-2}-+u)\cdots---(u)$
:
$—(n)(n-1+u)=\eta_{1}(n-1+u)e_{1}’\eta_{2}(n-2+u)e_{2}’\cdots\eta n(u)e_{n}’$
$=e_{1}{}^{t}\eta_{1}’(u)e2^{t\prime}\eta 2(1+u)\cdots e_{n}{}^{t}\eta’n(n-1+u)$ .
(5), (8) , column-, row-determinant,
:
Proposition 2.2. :
$\det(E+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)$
$=\det(^{t}E+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(0,1, \ldots, n-1)+u)$
$=\mathrm{D}\mathrm{e}\mathrm{t}\langle E+u;n-1,$ $n-2,$ . . , , $0$ ).
. lemma
:
Lemma 2.3. $g\in GL_{n}$ $E$ adjoint (Ad $g$ ) $E={}^{t}gE{}^{t}g^{-1}$ .
Proof. . $g,$ $g^{-1}$ $gij,$ $\mathit{9}^{ij}$ .
(Ad $g$ ) $E=(gE_{ij}g^{-}1)_{i,j}n=1=(_{1\leq\alpha,\beta\leq} \sum_{n}g\alpha iE\alpha\beta g^{j\beta})^{n}i,j=1={}^{t}gE{}^{t}g^{-1}$ . $\square$
Proposition 13 $\mathrm{D}\mathrm{e}\mathrm{t}$ , $\mathrm{D}\mathrm{e}\mathrm{t}(E)u_{1},$ $u_{2},$ . . ;, $u_{n}$ )
$GL_{n}$ adjoint . Proposition 22 :
Proposition 2.4. $\det(E+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)$ $GL_{n}$ adjoint
. $U(\mathfrak{g}\mathfrak{l}_{n})$ .
Remark. $k$ Capelli element $C_{k}$ $\det(E+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)$
:
$\det(E+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, 0)+u)\backslash =\sum_{=k0}u(u+1)\cdots(u+k-1)C_{n}-k$.
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Capelli element Capelli
. Capelli element ,
.
3. Application to $U(\mathit{0}_{n})$ . $\mathfrak{g}\mathrm{t}_{n}$ , Lie $\mathit{0}_{n}$
Pfaffian .
Lie $0_{n}$ $n$ :
$\mathit{0}_{n}=\{x\in\emptyset(_{n}|X+Xt=0\}$ .
$\mathit{0}_{n}$ $A_{ij}=E_{ij}-E_{i}$, , $A=(A_{ij})_{i}^{n},j=1$ .




$\Lambda_{n}\otimes U(\mathit{0}_{n})$ $\psi_{j}=\sum_{i=1j}^{n}e_{i}A_{i}$ . $u$ , $\psi_{j}(u)=\psi_{j}+ue_{j}$
. $\psi_{j}(u)$ :
Lemma 3.1. $1\leq i,j\leq n$ , :
$\psi_{i}(u+1)\psi_{j}(u)+\psi_{j}(u+1)\psi i(u)=-\delta ij\Theta$ .
$\Theta$ :
$\ominus=\sum_{1\leq p,q\leq n}eeA_{p}=-pqq\sum_{=p1}e_{p}\psi_{p}$ .
$\Lambda_{2n}\otimes U(0_{n})$ $—=_{-A}--,$ $—(u)=—A(u)$ :
$—A= \sum_{1\leq i,j\leq n}eie’j=\sum A_{ij}\psi_{j}ej=1n\prime j$’ $—A(u)=–_{A}-+u \tau=j\sum_{=1}^{n}\psi_{j}(u)e_{j}’$ .
$\tau=\sum_{i=1i}^{n}eie’$ . Lemma 3.1 $—(n)(n-1+u)=$
$—(n-1+u)_{-}^{-}-(n-2+u)\cdots---(u)$ :








$\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)=(-)^{n}\det(A-\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\mathrm{o}, 1, \ldots, n-1)-u)$ .
$n=2m+1$
$\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(m, m-1, \ldots, -m))=0$ .
, $\mathrm{P}\mathrm{f}(A)$ . Lie $\mathfrak{g}\mathfrak{l}_{n}$
$O_{n}$ adjoint lemma :
Lemma 3.4. $g\in O_{n}$ $A$ adjoint (Ad $g$ ) $A={}^{t}gA{}^{t}g^{-1}$ .
Proposition 13 $\mathrm{D}\mathrm{e}\mathrm{t}$ $\mathrm{D}\mathrm{e}\mathrm{t}(A;u_{1}, u_{\mathit{2}}, \ldots, u_{n})$
$O_{n}$ adjoint . Proposition 33 $\det(A+$
$\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)$ . $\mathrm{P}\mathrm{f}(A)$ $SO_{n}$ adjoint
Pfaffian (Proposition 12) .
:
Proposition 3.5. $\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(n-1, n-2, \ldots, \mathrm{O})+u)$ , Pfaffian $\mathrm{P}\mathrm{f}(A)$
$O_{n},$ $SO_{n}$ adjoint . $U(\mathit{0}_{n})$ .
4. The relation between Pfaffian and determinant.
:
Theorem 4. $U(0_{\mathit{2}m})$ :
$\mathrm{P}\mathrm{f}(..A)^{\mathit{2}}=\det(A+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(m-1, m-1, \ldots, -m))$
$=\det(A+.\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(m, m-1, \ldots, -m+1))$ .
Corollary 33 . – .








Pfafffian (2), (8) Proposition 32 , Theorem 4
:
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Theorem $4^{*}$ . :
$(-)^{m} \frac{1}{2^{2m}(m!)^{2}}\ominus^{m}\Theta^{\prime m}=\frac{1}{n!}(_{-}^{-}-+(m-1)\tau)(--+(-m-2)_{\mathcal{T})}\cdots(_{--m\mathcal{T}}^{-}-)$ .
Theorem 4’ \S 1.5
. $\Theta,$ $\ominus’$ , .
.
$\ominus,$ $\ominus’,$ $—$ :
Lemma 4.1. :
$[\Theta, \ominus’]=4_{\mathcal{T}^{-}}--$ , $[\ominus, ---]=2\tau\Theta$ , $[\ominus;, ---]=-2T\Theta^{;}$ .
Remark. $\mathrm{B}\downarrow 2$ -triplet .
















$F^{(k)}(u;t)= \prod l=0(k-1up-t\iota)$ :
$\theta^{(i)}(u;2)=\sum_{p=.1}i---(p)(u;2)\Theta^{i-P}$ , $\theta^{\prime(j)}(u;2)=\sum q=1j---;(q)(u;..2)\Theta\prime j-q$ .
, . \S 1.5 $GL_{2}$
$h=$
, $(h\otimes 1_{n})_{*}(\ominus)=\Theta+.2_{-}^{-}-+\Theta’$ . :
Lemma 4.5. $k=0,1,2,$ $\ldots$ , :
$(h \otimes 1_{n})*(\Theta k)=(\Theta+2_{-}--+\ominus’)k=\sum_{p+q+r=k}\frac{k}{p!qr!}!.2^{r_{-}}--(r)(p-q)\Theta p\Theta^{\prime q}$
$= \sum_{p+q+r=k}\frac{k}{p!qr!}!.2^{r}\ominus p\Theta\prime q---(r)(q-p)$ .
$—(r)(u)=—(u)—(u-1)\cdots---(u-r+1)$ .










$= \sum_{j1\leq p\leq i,1\leq q\leq}i+j--k---(i-p)(u-2j;2)\Theta^{p_{-}}--’(j-q)(u;2)\Theta^{\prime q}$
$= \sum_{\leq^{k}1\leq p\leq i,1q\leq j}i+j_{-}^{-}---(i-p)(u-2j;2)^{-\prime}--(j-q)(u-2p;2)\Theta p\Theta^{\prime q}$






. Lemma 45 .








$(h\otimes 1_{n})_{*}(\Theta)=\theta(u)+\theta^{*}(u)$ . Lemma 45
, $(h\otimes 1_{n})_{*}(\Theta)$ :
Lemma 4.6. $k=0,1,2,$ $\ldots$ , :
$(h\otimes l_{n})_{*}(\dot{\Theta}k)=(a^{\mathit{2}2}\Theta+2ac_{-}^{-}-+C\Theta’)^{k}$
$= \sum_{p+q+r=k}\frac{k^{\wedge}!}{p!q!r!}a^{\mathit{2}+}prc2^{r_{-(r}}2q+r---()qp-)\Theta^{p}\Theta^{\prime q}$
$= \sum_{p+q+r=k}\frac{k!}{p!q!r!}a\mathit{2}p+r2q+r2r\Theta p\Theta Jq---(cr)(q-p)$.
, . $k\geq m+1$ $\ominus^{k}=0$
, Lemma 4.6 $k=m+1,$ $\ldots,$ $2m$ $0$ .
$a^{k}c^{k}$ :
(13) $\sum_{0\leq p\leq k/\mathit{2}}\frac{1}{p!p!(k^{\wedge-}2p)!}\Theta^{p}\Theta^{\prime p}2^{-2p_{-}}--(k-2p)(0)=0$, for $k^{\wedge}=m+1,$ . $,$ . $,$ $2m$ .
– :
(14) $Q_{k}(_{S)}= \sum_{\leq 0\leq pk/\mathit{2}}\frac{1}{p!p!(k-2p)!}.\Theta^{p}\Theta^{\prime p}2s-\mathit{2}p(p-1)^{(}S)--(-k-2p)(S)$ .
$Q_{k}(s)$ :
Lemma 4.7. $s=0,1,2,$ $\ldots m-1$ , :
$Q_{k}(s+1)=(k-2s-2)Qk(_{S})-Qk-1(\mathit{8})\cdot(---+(-k+3S+3)\mathcal{T})$.
(13) $k^{n}=m+1,$ $\ldots,$ $2m$ $Q_{k}(0)=0$ . Lemma 4.7
$k=m+2,$ $\cdots,$ $2m$ $Q_{k}(1)=0$ .
$Q_{\mathit{2}m}(m-1)=0$ . $Q_{\mathit{2}m}(m-1)=0$ Theorem 4’ .





5. Relation to other realization of the orthogonal Lie algebra.
Lie $\mathit{0}_{n}$ , $A$
Pfaffian . Lie
, - .
$S\in \mathrm{M}\mathrm{a}\mathrm{t}_{n}(\mathrm{K})$ $n\cross n$ , $S$ Lie $\mathrm{o}(S)$ :
$\mathrm{o}(S)=\{X\in \mathfrak{g}\mathfrak{l}_{n}|{}^{t}XS+SX=0\}$ .
Lie $\mathrm{o}(S),$ $0_{n}$ $\mathfrak{g}\mathrm{t}_{n}$ , $U(\mathrm{o}(. S)),$ $U(\mathit{0}_{n})$ $U(\mathfrak{g}\mathfrak{l}_{n})$
. $\mathfrak{g}\mathfrak{l}_{n}$ involution $i_{S}$ : $Xrightarrow s^{-1}{}^{t}Xs$ , $X\in 9^{(_{n}}$
$X-i_{S}(X)\in \mathrm{o}(S)$ . $F_{ij}=E_{ij}-is(Eij)$ $\langle$ . $\mathrm{o}(S)$
$F_{ij}$ . $F=(F_{ij})_{i,j1}^{\ovalbox{\tt\small REJECT}}=$ . $F$
$E=(E_{ij})_{i,j=}^{n}1$ :
$F=E-\mathrm{A}\mathrm{d}(S)^{t}E=E-StES-1$ .
Lemma 23 . $FS,$ $S^{-1}F$ .
Theorem 4 $\mathrm{o}(S)$ $F$ :
Theorem 5. :
.
$\mathrm{P}\mathrm{f}(FS)^{\mathit{2}}\det(S)-1=\mathrm{P}\mathrm{f}(S^{-1}F)^{2}\det(S)=\mathrm{D}\mathrm{e}\mathrm{t}(F;m, m-1, \ldots,-m+1)$ .
Proof. $S=t_{\mathit{8}S}$ $s\in \mathrm{M}\mathrm{a}\mathrm{t}_{n}(\mathrm{K})$ – ( $s$ $\mathrm{K}$
). Lie $\mathit{0}_{n}\simarrow \mathit{0}(S)$ j $[_{n}$
$\mathrm{A}\mathrm{d}(S^{-1}):X\vdash+s^{-1}Xs$ . Lemma 23 $A$
$\mathrm{A}\mathrm{d}(s^{-1})A=t_{S}-1Ft_{\mathit{8}}$ . Proposition 12, 13 Pf, $\mathrm{D}\mathrm{e}\mathrm{t}$
:
$\mathrm{P}\mathrm{f}(\mathrm{A}\mathrm{d}(S^{-1})A)=\det(S)^{-1}\mathrm{p}\mathrm{f}(FS)=\det(S)\mathrm{p}\mathrm{f}(s-1F)$ ,
$\mathrm{D}\mathrm{e}\mathrm{t}(\mathrm{A}\mathrm{d}(S^{-})1A;m, m-1, \ldots, -m+1)=\mathrm{D}\mathrm{e}\mathrm{t}(F;m, m-1, \ldots, -m+1)$ .
Theorem 5 .
$S=1_{n}$ Theorem 5 column-determinant
. – $n!$
. Lie split ( $S=(\delta_{i,n+1}-j)_{i}n,j=1$
) $\mathrm{P}\mathrm{f}(S^{-1}F)$ Twisted Yangian Sklyanin determinant
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